generated holograms. The associated subwavelength pixel resolution enables efficient design strategies [1] [2] [3] [4] [5] and the possibility to encode the information in different, independent degrees of freedom 6 including polarization, 7-11 wavelength, 12, 13 angle, 14 and image dimensionality.
15
Examples of applications of holographic MSs include displays, 16 security, 8 and the manipulation and storage of information.
17,18
1
The key enabling factor underpinning the success of MSs is the possibility to determine the phase and amplitude of the scattered light at subwavelength scales. The essentially twodimensional form factor of this class of devices is ideally exploited in flexible implementations.
To date, flexible MSs have been successfully used for lab on fiber applications, cloaking, filtering and optically active three dimensional metamaterials.
19-24
In the framework of holographic applications, flexibility has been exploited to create Flexible Holographic Metasurfaces (FHMSs) able to conform to not-flat substrates 25 and to encode the holographic information in the degree of elastic stretching, e.g. to vary the focus of a lens 26 and to switch between multiple images in the near field. 27 FHMSs have also been explored theoretically to compensate for the spherical aberration of cylindrical lenses, and for carpet cloaking applications.
28
Here we demonstrate experimentally that conformable FHMS can be designed to embed in their response the phase contribution of an uneven topology, for example inherited by a target substrate. In the following, we first derive the formalism to describe the interaction of light with arbitrarily shaped FHMS. In particular, we show how in non-flat FHMS the dependence of the holographic image from the handedness of the circular polarization of light is intrinsically linked to the shape of the substrate. We then demonstrate experimentally the encoding of information on both the FHMS and the shape of the substrates. Finally, we discuss a method to increase the sensitivity of the hologram to the exact shape of the FHMS.
Generalized Gerchberg-Saxton algorithm
To design the holograms we use the Gerchberg-Saxton algorithm (GSA). For most practical applications, the image is formed many wavelengths away from the FHMS plane, thus the near field contribution in the Rayleigh-Sommerfeld propagator can be neglected. In this case the Rayleigh-Sommerfeld equation simplifies into the Kirchoff equation:
The complex light fields U are calculated at the coordinates (x j , y j , z j ), identified by the position vectors r j . The subscripts j = O, I refer to the holographic MS object and holographic image planes respectively, and k is the wavevector of light. The origin of the coordinate system is the center of a virtual, undistorted FHMS.
In eq 1 we included the directivity term D(r O , r I ), which depends on the angle between 3 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 possible to express the intensity of the holographic image as (for a fully detailed derivation see the SI):
where I(x I , y I , z I ) is the intensity of light in the holographic image plane. Here,
is the phase of the P-B elements in the flat FHMS, and φ c (x O , y O , z O ) is the phase contribution of the non-flat surface topology. The term
can be approximated to a constant amplitude value, if the angle between r O and r I is small, for which r j z j . It should also be noted that in deriving eq 2 the directivity term has been omitted, as it only provides for an amplitude correction. For flat FHMS φ c = 0, and φ 0 does not depend on the z coordinate. In this case, changing the helicity of light maps
It is then possible to write
which means that the holographic image is formed rotated 180 degrees around the z axis, as expected. 8, 25 For a non-flat surface φ c (x O , y O , z O ) = 0 and eq 4 is not valid. However, if the FHMS is deformed so that 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 de-phasing at z I for the two different configurations, which can be ignored for large z I (the full derivation is described in the SI). These cases are illustrated in Figure 2 .
Results and discussion
To design the holograms we used the GSA with eq 1, for determined arbitrary substrate
shapes. For the sake of simplicity, we considered the case of cylindrical substrates, without loss of generality. For more complex substrate shapes it is important to align the holographic metasurface to the topology of the substrate. This can be achieved by patterning standard alignment marks on both the sample, and the substrate, before using simple micro-positioning tools with the aid of an optical microscope. 19 This technique allows for sub-micron resolution positioning, whilst being robust and repeatable. We constructed a FHMS that displays a holographic image when applied to a cylinder with radius R = 6 mm, for circularly polarized light of wavelength λ = 630 nm. The image was designed to be 30×30 mm 2 wide at a distance of 80 mm from the FHMS, with a resolution of 183×183 pixels. To avoid interference with the unconverted light, the image was offset 35 mm above the z axis. For the practical implementation of the FHMS, we chose a three layer reflective type geometry, which ensures high diffraction efficiency. The curved topology does not affect the efficiency of the holograms, which is similar to that of typical three layers reflective type geometries. 1, 8, 25 In this scheme, metallic nanorods are separated by a dielectric spacer from a reflective background plane, to act as P-B phase elements. Each nanorod imparts a de-phasing proportional to its orientation in the FHMS plane, with sign depending on the handedness of the polarization. 1, 8 This scheme is shown in Figure S2 , along with a SEM image of a patterned FHMS. The nanorods have dimensions of 200×75×40 nm 3 , with a pitch of 300 nm between adjacent elements. In total we used 2501×2501 nanorods, covering a total area of 0.75×0.75 mm 2 . The fabrication procedure followed a well tested approach.
25
First we spin coated a polymeric sacrificial layer on a silicon substrate. We then spun a 2 µm 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 thick polymer (SU-8, Microchem) on top, to act as flexible substrate. Next we evaporated a 100 nm thick layer of gold to act as a backplane mirror, and after spinning a 90 nm thin layer of SU-8, we deposited a further 40 nm thick layer of gold for the nanorods. To pattern the top surface, we used standard top down e-beam lithography procedure, using a reactive ion etch step to remove the unmasked gold. Lastly, we dissolved the sacrificial layer to leave a free floating membrane, which could then be applied to any surface of choice. The directivity of the nanorods was calculated with the CST simulation package (see Figure S1 for the details).
The relationship between helicity and surface profile is displayed in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 values between the images of Figure 4 (a) and the target image are displayed in table 1. The selectivity depends from the difference between the designed topology and the actual Figure   S3 shows a collection of the projected images). As expected, wider phase gaps lead to an enhanced selectivity, at the cost of a slight reduction in intensity and spectral resolution.
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